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ABSTRACT 

This study introduces a finite difference numerical technique to simulate the solutions of the 
time-fractional Radon diffusion equation within a water medium. We develop the fractional 
order Crank-Nicolson finite difference scheme, utilizing time-fractional derivatives in the 
Caputo sense. We discuss the stability of the solution obtained by the developed Crank-
Nicolson finite difference scheme. Furthermore, we delve into the convergence of the 
developed finite difference scheme. Lastly, we represent approximate solutions graphically 
with the help of Python programs.  
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Method, Stability, Convergence Analysis, Python etc.  

1  Introduction 
Fractional calculus extends traditional calculus by accommodating non-integer or fractional 
orders of differentiation and integration, opening doors to modeling complex systems and 
phenomena. This field finds various applications across diverse domains such as Physics, 
Engineering, Signal Processing, Biology, Medicine, Chemical Engineering, Astronomy, and 
Astrophysics, among others [2, 3, 4, 6, 9, 17, 18]. Fractional partial differential equations 
describe intricate physical phenomena with memory and long-range dependencies, 
incorporating fractional order derivatives. Obtaining analytical solutions for such equations, 
especially in non-trivial cases, poses significant challenges due to the involvement of fractional 
derivatives. Finite difference methods, known for its versatility, are extensively employed for 
solving differential equations in multiple dimensions. They prove invaluable when analytical 
solutions are impractical or unavailable to study[1, 7, 8, 10, 11, 12, 15]. Radon, an odorless 
and colorless radioactive gas, occurs naturally through the radioactive decay of elements like 
uranium present in soil and rocks worldwide. It can migrate into the atmosphere and infiltrate 
both surface and underground water, posing health risks in both outdoor and indoor 
environments. Researchers extensively investigate its movement through various substances 
like soil, air, concrete, and activated charcoal [5, 13,14, 16]. Our aim is to study concentration 
of Radon in water medium. 
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In this paper, we consider the time-fractional order radon diffusion equation given below,  

 
డം௏(఍,ఛ)

డఛം = 𝐷
డమ௏(఍,ఛ)

డ఍మ − 𝜆𝑉(𝜁, 𝜏),0 < 𝛾 ≤ 1 (1) 

 with initial condition:  

 𝑉(𝜁, 0) = 0,0 < 𝜁 < 𝐿 (2) 

 and boundary conditions:  

 𝑉(0, 𝜏) = 𝑉଴ 𝑎𝑛𝑑 
డ௏(଴,ఛ)

డఛ
= 0, 𝜏 ≥ 0 (3) 

where, 𝜆 is the decay constant, 𝐷 is a diffusion coefficient, 𝜁 and 𝜏 are spatial and temporal 
variables respectively. Time-fractional derivative in the above equation is considered in the 
Caputo sense, which is defined as follows:  

Definition 1.1 The Caputo time-fractional derivative of order 𝛾, (0 < 𝛾 ≤ 1) is defined by,  

 
డം௏(఍,ఛ)

డఛം =
ଵ

୻(ଵିఊ)
∫

ఛ

଴
 
డ௏(఍,ఛ)

డఎ
 

ௗఎ

(ఛିఎ)ം (4) 

  

The subsequent sections of this paper are structured as follows: In section 2, we construct a 
Crank-Nicolson finite difference scheme tailored specifically for solving the time-fractional 
Radon diffusion equation. Section 3 delves into the scrutiny of the stability of the devised 
scheme, ensuring its robustness and reliability. Section 4 presents a rigorous proof of the 
convergence of our finite difference approximation, establishing its accuracy and efficacy. 
Finally, in the concluding section, we address a series of test problems, providing insightful 
illustrations of their solutions.  

2  Finite Difference Scheme 
Let 𝑉(𝜁௜ , 𝜏௞), 𝑖 = 0,1,2, . . . , 𝑀 and 𝑘 = 0,1,2, . . . , 𝑁 be the exact solution of time fractional 
radon diffusion equation (1)-(3) at the mesh point (𝜁௜, 𝜏௞), where 𝜏௞ = 𝑘𝜏, 𝑘 = 0,1,2, … , 𝑁 

and 𝜁௜ = 𝑖ℎ, 𝑖 = 0,1,2, … , 𝑀, where 𝜏 =
்

ே
 and ℎ =

௅

ெ
. Let 𝑉௜

௞ be the numerical approximation 

of the point 𝑉(𝑖ℎ, 𝑘𝜏). 

We approximate time-fractional derivative in the Caputo sense as follows,  

 
డം௏(఍೔,ఛೖ)

డఛം ≈
ଵ

୻(ଵିఊ)
∑

௏(఍೔,ఛೕశభ)ି௏(఍೔,ఛೕ)

ఛ
∫

(௝ାଵ)ഓ

௝ఛ

ௗఎ

(ఛೖశభିఎ)
+ 𝑂(𝜏) 

 =
ଵ

୻(ଵିఊ)
∑௞

௝ୀ଴

௏(఍೔,ఛೕశభ)ି௏(఍೔,ఛೕ)

ఛ
∫

(௞ି௝ାଵ)ఛ

௞ି௝)ఛ

ௗక

కം
+ 𝑂(𝜏) 

 =
ఛషം

୻(ଶିఊ)
[𝑉௜

௞ାଵ − 𝑉௜
௞] +

ఛషം

୻(ଶିఊ)
∑௞

௝ୀଵ 𝑏௝[𝑉(𝜁௜ , 𝜏௞ାଵି௝) − 𝑉(𝜁௜ , 𝜏௞ି௝)] + 𝑂(𝜏) 

 where 𝑏௝ = (𝑗 + 1)ଵିఊ − 𝑗ଵିఊ , 𝑗 = 0,1,2, … , 𝑁. 
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Now, we adopt the second order central difference scheme in space for each interior grid point 
𝜁௜ , 0 ≤ 𝑖 ≤ 𝑀. Therefore,  

 
డమ௏(఍೔,ఛೖ)

డఛమ =
ଵ

ଶ
[𝛿௫

ଶ𝑢௜
௞ାଵ + 𝛿௫

ଶ𝑢௜
௞] 

 =
ଵ

ଶ
൤

௨೔షభ
ೖశభିଶ௨೔

ೖశభା௨೔శభ
ೖశభ

௛మ +
௨೔షభ

ೖ ିଶ௨೔
ೖା௨೔శభ

ೖ

௛మ ൨ (5) 

where, 𝛿௫ is the central difference operator. Using time fractional approximation the Crank-
Nicolson type numerical approximation to equation (1)-(3) is given as follows,  

 
ఛషം

୻(ଶିఊ)
ൣ𝑉௜

௞ାଵ − 𝑉௜
௞൧ +

ఛషം

୻(ଶିఊ)
∑௞

௝ୀଵ 𝑏௝ൣ𝑉(𝜁௜ , 𝜏௞ାଵି௝) − 𝑉(𝜁௜ , 𝜏௞ି௝)൧ 

 =
஽

ଶ
൤

௏೔షభ
ೖశభିଶ௏೔

ೖశభା௨೔శభ
ೖశభ

௛మ +
௏೔షభ

ೖ ିଶ௏೔
ೖା௏೔శభ

ೖ

௛మ ൨ − 𝜆𝑉(𝜁௜, 𝜏௞) 

where 𝑏௝ = (𝑗 + 1)ଵିఊ − 𝑗ଵିఊ. After simplification, we obtain  

 [𝑉௜
௞ାଵ − 𝑉௜

௞] + ∑௞
௝ୀଵ 𝑏௝[𝑉𝜁௜ , 𝜏௞ାଵି௝) − 𝑉(𝜁௜, 𝜏௞ି௝)] =

஽୻(ଶିఊ)ఛషം

ଶ௛మ [𝑉௜ିଵ
௞ାଵ −

2𝑉௜
௞ାଵ + 𝑉௜ିଵ

௞ାଵ + 𝑉௜ାଵ
௞ − 2𝑉௜

௞ + 𝑉௜ାଵ
௞ ] − 𝜆Γ(2 − 𝛾)𝜏ఊ𝐶௜

௞ 

Let 𝑟 =
஽୻(ଶିఊ)ఛషം

ଶ௛మ  and 𝜇 = 𝜆Γ(2 − 𝛾)𝜏ఊ, we get  

[𝑉௜
௞ାଵ − 𝑉௜

௞] + ෍

௞

௝ୀଵ

𝑏௝[𝑉(𝜁௜, 𝜏௞ାଵି௝) − 𝑉(𝜁௜ , 𝜏௞ି௝)]

= 𝑟[𝑉௜ିଵ
௞ାଵ − 2𝑉௜

௞ାଵ + 𝑉௜ାଵ
௞ାଵ + 𝑉௜ିଵ

௞ − 2𝑉௜
௞ + 𝑉௜ାଵ

௞ ] − 𝜇𝑉௜
௞ 

After simplification, we get  

−𝑟𝑉௜ିଵ
௞ାଵ + (1 + 2𝑟)𝑉௜

௞ାଵ − 𝑟𝑉௜ାଵ
௞ାଵ = 𝑟𝑉௜ିଵ

௞ + (1 − 2𝑟 − 𝜇)𝑉௜
௞ + 𝑟𝑉௜ାଵ

௞ − ∑௞
௝ୀଵ 𝑏௝[𝑉௜

௞ି௝ାଵ
−

𝑉௜
௞ି௝

] (6) 

Where 𝑟 =
஽୻(ଶିఊ)ఛషം

ଶ௛మ , 𝜇 = 𝜆Γ(2 − 𝛾) and 𝑏௝ = (𝑗 + 1)ଵିఊ − 𝑗ଵିఊ 

From equation (6), we get  

−𝑟𝑉௜ିଵ
௞ାଵ + (1 + 2𝑟)𝑉௜ିଵ

௞ାଵ − 𝑟𝑉௜ାଵ
௞ାଵ

= 𝑟𝑉௜ିଵ
௞ + (1 − 2𝑟 − 𝜇)𝑉௜

௞ + 𝑟𝑉௜ାଵ
௞ − [𝑏ଵ(𝑉௜

௞ − 𝑉௜
௞ିଵ) + 𝑏ଶ(𝑉௜

௞ିଵ − 𝑉௜
௞ିଶ)

+ 𝑏ଷ(𝑉௜
௞ିଶ − 𝑉௜

௞ିଷ) + ⋯ + 𝑏௞ିଵ(𝑉ଵ
ଶ − 𝑉ଵ

ଶ) + 𝑏௞(𝑉௜
ଵ − 𝑉௜

଴)] − 𝑟𝑉௜ିଵ
௞ାଵ + (1

+ 2𝑟)𝑉௜
௞ାଵ − 𝑟𝑉௜ାଵ

௞ାଵ 

 = 𝑟𝑉௜ିଵ
௞ + (1 − 2𝑟 − 𝜇)𝑉௜

௞ + 𝑟𝑉௜ାଵ
௞ + ∑௞ିଵ

௝ୀଵ (𝑏௝ − 𝑏௝ାଵ)𝑉௜
௞ିଵ + 𝑏௞𝑉௜

଴ 
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The initial condition is approximated as 𝑉௜
଴, 𝑖 = 0,1,2, … , 𝑀. For the two boundary points 𝜁଴ 

and 𝜁ெ, the corresponding discretization schemes are, 𝑉଴
௞ = 𝑉଴ and 

డ௏(ଵ,ఛ)

డ఍
= 𝜁 implies 𝑉ெାଵ

௞ =

𝑉௄ିଵ
௞ . 

Therefore, the fractional approximated initial boundary value problem is as follows: 

For 𝑘 = 0,  

−𝑟𝑉௜ିଵ
ଵ + (1 + 2𝑟)𝑉௜

ଵ − 𝑟𝑉௜ାଵ
ଵ = 𝑟𝑉௜ିଵ

଴ + (1 − 2𝑟 − 𝜇)𝑉௜
଴ + 𝑟𝑉௜ାଵ

଴ − 𝑟𝑉௜ିଵ
௞ାଵ + (1 +

2𝑟)𝑉௜ିଵ
௞ାଵ − 𝑟𝑉௜ାଵ

௞ାଵ (7) 

For 𝑘 ≥ 0,  

 = 𝑟𝑉௜ିଵ
௞ + (1 − 2𝑟 − 𝜇 − 𝑏ଵ)𝑉௜

௞ + 𝑟𝑉௜ାଵ
௞ + ∑௞ିଵ

௝ୀଵ (𝑏௝ − 𝑏௝ାଵ)𝑉௜
௞ିଵ + 𝑏௞𝑉௜

଴ (8) 

The initial conditions,  

 𝑉௜
଴, 𝑖 = 0,1,2, … , 𝑀. (9) 

The boundary conditions, 𝑉଴
௞ = 𝑉଴ and  

 𝑉ெାଵ
௞ = 𝑉ெିଵ

௞ ; 𝑘 = 0,1,2, … , 𝑁. (10) 

where 𝑟 =
డ୻(ଶିఊ)ఛషം

ଶ௛మ , 𝜇 = 𝜆Γ(2 − 𝛾)𝜏ఊ and 𝑏௝ = (𝑗 + 1)ଵିఊ) − 𝑗ଵିఊ, 𝑗 = 1,2,3, … , 𝑘. 

Therefore, the fractional approximated initial boundary value problem (7)-(10) can be written 
in the following matrix equation form  

 𝐴𝑉ଵ = 𝐵𝑉∘ + 𝑆 (11) 

 𝐴𝑉௞ାଵ = 𝐶𝑉௞ + ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ)𝑉௞ିଵ + 𝑏௞𝑉଴ + 𝑆 (12) 

 where  

 𝐴 = [𝑎௜௝] =

⎩
⎪
⎨

⎪
⎧

1 + 2𝑟 if𝑖 = 𝑗
−𝑟 if𝑖 = 𝑗 + 1
−𝑟 if𝑖 = 𝑗 − 1
−2𝑟 if𝑖 = 𝑀, 𝑗 = 𝑀 − 1
0 otherwise

 

  

 𝐴 = [𝑎௜௝] =

⎩
⎪
⎨

⎪
⎧

1 − 2𝑟 − 𝜇 if𝑖 = 𝑗
𝑟 if𝑖 = 𝑗 + 1
𝑟 if𝑖 = 𝑗 − 1
2𝑟 if𝑖 = 𝑀, 𝑗 = 𝑀 − 1
0 otherwise
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 𝐴 = [𝑎௜௝] =

⎩
⎪
⎨

⎪
⎧

1 − 2𝑟 − 𝜇 − 𝑏ଵ if𝑖 = 𝑗
𝑟 if𝑖 = 𝑗 + 1
𝑟 if𝑖 = 𝑗 − 1
2𝑟 if𝑖 = 𝑀, 𝑗 = 𝑀 − 1
0 otherwise

 

 𝑉ଵ = [𝑉ଵ
ଵ, 𝑉ଶ

ଵ, 𝑉ଷ
ଵ, ⋯ , 𝑉ெ

ଵ ]௧, 𝑉௞ = [𝑉ଵ
௞ , 𝑉ଶ

௞, 𝑉ଷ
௞, ⋯, 𝑉ெ

௞]௧, 𝑉∘ = [𝑉ଵ
଴, 𝑉ଶ

଴, 𝑉ଷ
଴, ⋯ , 𝑉ெ

଴]௧, 𝑆 =

[𝑟𝑉଴
ଵ, 0,0, ⋯ ,0]௧, 𝑟 =

஽୻(ଶିఊ)ఛషം

ଶ௛మ , 𝜇 = 𝜆Γ(2 − 𝛾)𝜏ఊ, 𝑏௝ = (𝑗 + 1)ଵିఊ − 𝑗ଵିఊ, 𝑗 = 1,2, ⋯ , 𝑘, 𝑖 =

0,1, ⋯ , 𝑀, 𝑘 = 0,1, ⋯ , 𝑁. In the next subsection, we discuss the question of stability.  

3  Stability 
Lemma 3.1 If 𝜆௝(𝐴), 𝑗 = 1,2,3, ⋯ , 𝑀 represents the eigenvalues of matrix 𝐴,then  

   

    1.  𝜆௝(𝐴) ≥ 1  

    2.  ∥ 𝐴ିଵ ∥ଶ≤ 1  

    3.  ∥ 𝐵 ∥ଶ< 1  

    4.  ∥ 𝐶 ∥ଶ< 1  

Proof: The Grschgorinâ€™s theorem states that each eigenvalues 𝜆 of matrix 𝐴 is an at least 
one of the following disk.  

 |𝜆 − 𝑎௜௝| = ∑ெ
௧ୀଵ,௧ஷ௝ 𝑎௜௝, 𝑗 = 1,2,3, ⋯ , 𝑀 

Therefore, the eigenvalue 𝜆 of the matrix 𝐴 satisfies at least one of the following inequality,  

 |𝜆| ≤ |𝜆 − 𝑎௜௝| + ∑ெ
௧ୀଵ,௧ஷ௝ 𝑎௜௝ ≤ ∑ெ

௧ୀଵ,௧ஷ௝ 𝑎௜௝; 1 ≤ 𝑗 ≤ 𝑀 

and  

 |𝜆| ≥ |𝑎௜௝| − |𝜆 − 𝑎௜௝| ≥ |𝑎௜௝| − ∑ெ
௧ୀଵ,௜ஷ௝ 𝑎௜௝; 1 ≤ 𝑗 ≤ 𝑀 (13) 

 Now, each eigenvalue 𝜆 of matrix 𝐴 satisfy at least one of the following inequalities.  

 𝜆௝(𝐴) ≥ 1 + 2𝑟 − 𝑟 = 1 + 𝑟 > 1;  𝑠𝑖𝑛𝑐𝑒 𝑟 > 0 

Therefore,  

 𝜆௝(𝐴) ≥ 1 

(ii) We have,  

 ∥ 𝐴 ∥ଶ= max𝜁௧ஸ௝ஸெିଵ ∥ 𝜆௝(𝐴)| ≥ 1 

Hence,  
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 ∥ 𝐴 ∥ଶ≥ 1 

Therefore,  

 ∥ 𝐴ିଵ ∥ଶ≤
ଵ

|ఒೕ(஺)|
≤ 1 

(iii)  ∥ 𝐵 ∥ଶ≤ 𝑟 + 1 − 2𝑟 − 𝜇 + 𝑟 < 1 

 

 ∥ 𝐶 ∥ଶ≤ |𝑟 + 1 − 𝑏ଵ − 2𝑟 + 𝑟 − 𝜇| ≤ (1 − 𝜇) − 𝑏ଵ ≤ 1 − 𝑏ଵ < 1 

 

Theorem 3.2 The solution of the finite difference scheme (7)-(10) for TFRDE (1)-(3) is 
unconditionally stable.  

Proof: Now to prove that the above finite difference scheme in unconditionally stable, that is 
to show that,  

 ∥ 𝑉௞ ∥ଶ≤∥ 𝑉∘ ∥ଶ; 𝑘 ≥ 1 

From equation (2.8), we have  

 𝐴𝑉ଵ = 𝐵𝑉∘, 𝑓𝑜𝑟 𝑘 = 0 

 𝑉ଵ = 𝐴ିଵ𝐵𝑉∘ 

 ∥ 𝑉ଵ ∥ଶ≤∥ 𝐴ିଵ𝐵𝑉∘ ∥ଶ 

 ≤∥ 𝐴ିଵ ∥ଶ∥ 𝐵 ∥ଶ∥ 𝑉∘ ∥ଶ 

 ≤∥ 𝑉∘ ∥ଶ 

Therefore,  

 ∥ 𝑉ଵ ∥ଶ≤∥ 𝑉∘ ∥ଶ 

Therefore, the result is true for 𝑘 = 1. Assume that the result is true for 𝑘, that is,  

 ∥ 𝑉௞ ∥ଶ≤∥ 𝑉∘ ∥ଶ 

Now to prove, the result is true for k+1, therefore, from equation (2.14), we have,  

 𝐴𝑉௞ାଵ = 𝐶𝑉௞ ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ)𝑉௞ି௝ + 𝑏௞𝑉∘ 

 𝑉௞ାଵ = 𝐴ିଵ𝐶𝑉௞ + 𝐴ିଵ ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ)𝑉௞ି௝ + 𝑏௞𝐴ିଵ𝑉∘ 

 ∥ 𝑉௞ାଵ ∥ଶ≤∥ 𝐴ିଵ ∥ଶ∥ 𝑉 ∥ଶ∥ 𝑉௞ ∥ଶ +∥ 𝐴ିଵ ∥ଶ ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ) ∥ 𝑉௞ିଵ ∥ଶ 

 +𝑏௞ ∥ 𝐴ିଵ ∥ଶ∥ 𝑉∘ ∥ଶ 
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 ≤ |1 − 𝑏ଵ| ∥ 𝑉∘ ∥ଶ+ ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ) ∥ 𝑉∘ ∥ଶ+ 𝑏௞ ∥ 𝑉∘ ∥ଶ 

 ≤ ൫1 − 𝑏ଵ + ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ) + 𝑏௞൯ ∥ 𝑉∘ ∥ଶ 

 ≤ (1 − 𝑏ଵ + (𝑏ଵ − 𝑏ଶ) + (𝑏ଶ − 𝑏ଷ) + ⋯ 

 +(𝑏௞ିଵ − 𝑏௞) + 𝑏௞) ∥ 𝑉∘ ∥ଶ 

Therefore,  

 ∥ 𝑉௞ାଵ ∥ଶ≤∥ 𝑉∘ ∥ଶ 

Hence by induction, the result is true for all 𝑘.  

 ∥ 𝑉௞ ∥ଶ≤∥ 𝑉∘ ∥ଶ, ∀𝑘 

This shows that, the scheme is unconditionally stable.  

4  Convergence 
We introduce the another vector for,  

 𝑉௧

௞
= [𝑉(𝜁଴, 𝜏௞), ⋯ , 𝑉(𝜁௜ , 𝜏௞), ⋯ , 𝑉(𝜁ெିଵ, 𝜏௞)]௧ 

which represents the exact solution at the time level 𝜏௞ whose size is 𝑀. Therefore from the 
above discretization scheme,  

 𝐴𝑉
ଵ

= 𝐵𝑉
∘

+ 𝑡ଵ (14) 

  

 𝐴𝑉
௞ାଵ

= 𝐵𝑉
௞

+ ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ)𝑉

௞ି௝
+ 𝑏௞𝑉

∘
+ 𝜏௞ାଵ;  𝑓𝑜𝑟 𝑘 ≥ 1 (15) 

 where,  

 𝐴 = [𝑎௜௝] =

⎩
⎪
⎨

⎪
⎧

1 + 2𝑟 if𝑖 = 𝑗
−𝑟 if𝑖 = 𝑗 + 1
−𝑟 if𝑖 = 𝑗 − 1
−2𝑟 if𝑖 = 𝑀, 𝑗 = 𝑀 − 1
0 otherwise

 

  

 𝐴 = [𝑎௜௝] =

⎩
⎪
⎨

⎪
⎧

1 − 2𝑟 − 𝜇 if𝑖 = 𝑗
𝑟 if𝑖 = 𝑗 + 1
𝑟 if𝑖 = 𝑗 − 1
2𝑟 if𝑖 = 𝑀, 𝑗 = 𝑀 − 1
0 otherwise
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 𝐴 = [𝑎௜௝] =

⎩
⎪
⎨

⎪
⎧

1 − 2𝑟 − 𝜇 − 𝑏ଵ if𝑖 = 𝑗
𝑟 if𝑖 = 𝑗 + 1
𝑟 if𝑖 = 𝑗 − 1
2𝑟 if𝑖 = 𝑀, 𝑗 = 𝑀 − 1
0 otherwise

 

 and 𝜏௞ is the vector of the truncation error at the time level 𝑡௞ .  

 

Theorem 4.1 The finite difference scheme (7) - (10) for TFRDE (1) - (3) is unconditionally 

convergent, that is to prove ∥ 𝐸௞ ∥ଶ≤∥ 𝐸∘ ∥ଶ, 𝑎𝑠 (ℎ, 𝜏) → (0,0).  

  

Proof. We subtract equation (7) from (14) and (10) from (15) respectively, we get  

𝐴(𝑉
ଵ

− 𝑉ଵ) = 𝐵(𝑉
ଵ

− 𝑉∘) + 𝜏ଵ  (16) 

  

𝐴(𝑉
௞ାଵ

− 𝑉௞ାଵ) = 𝐵(𝑉
௞

− 𝑉௞) + ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ)(𝑉

௞ିଵ
− 𝑉௞ି௝ + 𝑏௞(𝑉

∘
− 𝑉∘) + 𝜏௞ାଵ

 (17) 

We set,  

 𝐸௞ = (𝑉
௞

− 𝑉௞) 

where,  

 𝐸௞ = [𝑒ଵ
௞, 𝑒ଶ

௞, 𝑒ଷ
௞, ⋯ , 𝑒௠ିଵ

௞ ]ఛ; 𝐶௞ = [𝑉ଵ
௞, 𝑉ଶ

௞ , 𝑉ଷ
௞, ⋯ , 𝑉ெିଵ

௞ ]ఛ 

From equation (4.3), we have  

 𝐴𝐸ଵ = 𝐵𝐸∘ + 𝜏ଵ 

 𝐸ଵ = 𝐴ିଵ𝐵𝐸∘ + 𝐴ିଵ𝜏ଵ 

 ∥ 𝐸ଵ ∥ଶ≤∥ 𝐴ିଵ ∥ଶ∥ 𝐵 ∥ଶ∥ 𝐸∘ ∥ +∥ 𝐴ିଵ ∥ଶ∥ 𝜏 ∥ଵ∥ଶ≤∥ 𝐸∘ ∥ଶ+ 

 +𝑂(𝜏ଶିఊ + ℎଶ) 

Assume that the result is true for 𝑘,  

 ∥ 𝐸௞ ∥ଶ≤∥ 𝐸∘ ∥ଶ+ 0(𝜏ଶିఊ + ℎଶ) 

Now to prove that the result is true for 𝑘 + 1. From equation (4.4), we have  

 𝐴𝐸௞ାଵ = 𝐶𝐸௞ + ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ)𝐸௞ି௝ + 𝑏௞𝐸∘ + 𝜏௞ାଵ 
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 𝐸௞ାଵ = 𝐴ିଵ𝐶𝐸௞ + 𝐴ିଵ ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ)𝐸௞ି௝ + 𝑏௞𝐴ିଵ𝐸∘ 

 +𝐴ିଵ𝜏௞ାଵ 

 ∥ 𝐸௞ାଵ ∥ଶ=∥ 𝐴ିଵ ∥ଶ∥ 𝐶 ∥ଶ∥ 𝐸௞ ∥ଶ+ 

 ∥ 𝐴ିଵ ∥ଶ ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ) ∥ 𝐸௞ି௝ ∥ଶ+ 𝑏௞ ∥ 𝐴ିଵ ∥ଶ∥ 𝐸∘ ∥ଶ 

 +∥ 𝐴ିଵ ∥ଶ 𝜏௞ାଵ 

 ≤ |1 − 𝑏ଵ| ∥ 𝐸∘ ∥ଶ+ ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ) ∥ 𝐸∘ ∥ଶ+ 𝑏௞ ∥ 𝐸∘ ∥ଶ 

 ≤ ൫1 − 𝑏ଵ + ∑௞ିଵ
௝ୀଵ (𝑏௝ − 𝑏௝ାଵ)𝑏௞൯ ∥ 𝐸∘ ∥ଶ+ 0(𝜏ଶିఊ + ℎଶ) 

 ≤∥ 𝐸∘ ∥ଶ 0(𝜏ଶିఊ + ℎଶ) 

Thus the result is true for 𝑘 + 1, hence by induction it is true for all 𝑘.  

 ∥ 𝐸௞ ∥ଶ≤∥ 𝐸∘ ∥ଶ, 𝑎𝑠 (ℎ, 𝜏) → (0,0) 

This proves that, the scheme is unconditionally convergent.  

 5  Numerical Solution 

We consider the following time-fractional radon diffusion equation  

 
డം௏(఍,ఛ)

డఛം = 𝐷
డమ௏(఍,ఛ)

డ௭మ − 𝜆𝑉(𝜁, 𝜏) 

Initial condition: 𝑉(𝜁, 0) = 0,0 < 𝑧 < 𝐿 

Boundary conditions: 𝑉(0, 𝜏) = 𝑑𝑐𝑉଴, and  
డ௏(௅,ఛ)

డఛ
= 0, 𝜏 ≥ 0. 

Exact solution for 𝛾 = 1 is as follows,  

 𝑉(𝜁, 𝜏) = 𝑑𝑐𝑉଴ ቎
ୡ୭ୱ୦ට

ഋ

ವ
(௅ି఍)

ୡ୭ୱ୦ට
ഋ

ವ
௅

 

 −
஽గ

௅మ
∑ஶ

௡ୀ଴
(ଶ௡ାଵ)௘

షቆ
(మ೙శభ)మഏమವ

రಽమ శഋቇഓ

൬
(మ೙శభ)మഏమವ

రಽమ ାఓ൰
sin

(ଶ௡ାଵ)గ఍

ଶ௅
቏ (18) 

In Table 1, the approximate solution of time-fractional radon diffusion equation derived from 
the fractional finite difference scheme is compared with the exact solution for the parameters 
𝜇 = 2.1 × 10ି଺, 𝑇 = 1, 𝐿 = 1, 𝐷 = 1 × 10ିଽ, 𝑉(0, 𝜏) = 1, which demonstrating the 
method’s effectiveness. 
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  Absolute error 

 

𝑥 →  0.2 0.4 0.6 0.8 1.0 

𝑡 ↓        

.0  1.03 ×   10ିସ 5.41 ×   10ିହ 3.93 ×   10ିହ 3.34 ×   10ିହ 3.18 ×   10ିହ 

.2  8.45 ×   10ିହ 4.44 ×   10ିହ 3.22 ×   10ିହ 2.74 ×   10ିହ 2.61 ×   10ିହ 

.4  6.94 ×   10ିହ 3.64 ×   10ିହ 2.65 ×   10ିହ 2.25 ×   10ିହ 2.14 ×   10ିହ 

.6  5.69 ×   10ିହ 2.99 ×   10ିହ 2.17 ×   10ିହ 1.85 ×   10ିହ 1.76 ×   10ିହ 

.8  4.67 ×   10ିହ 2.45 ×   10ିହ 1.78 ×   10ିହ 1.51 ×   10ିହ 1.44 ×   10ିହ 

.0  3.83 ×   10ିହ 2.01 ×   10ିହ 1.46 ×   10ିହ 1.24 ×   10ିହ 1.18 ×   10ିହ 

Table  1: Absolute error 

 Now, we take another set of particular values for the parameters as follows: Radon diffusivity 
coefficient in water 𝐷 = 1 × 10ିଽ𝐵𝑞/𝑚ଷ, Spatial length 𝐿 = 1.7278 𝑐𝑚, Radon decay 
constant 𝜇 = 2.1 × 10ି଺, Adsorption coefficient 𝑐 = 4𝑚ଶ/𝑘𝑔, Material density 𝑑 =

0.5𝑔/𝑐𝑚ଷ and Constant Radon concentration in air 𝑉଴ = 200𝐵𝑞/𝑚ଷ. With this parameters, 
we simulate the radon concentration in water after 𝜏 = 5.6  𝑚𝑖𝑛 in the Figure 1 and we can 
observe that radon loss in its concentration with length.  

   

Figure  1: Radon concentration for 𝜏 = 12  ℎ𝑟𝑠, 𝛾 = 1, ℎ = 0.001, 𝜏 = 432 
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Also, in Figure 2, we present radon concentration for 𝛾 = 1 and 𝛾 = 0.99 and observe that 
radon concentration increases more rapidly as 𝛾 increases.  

   

Figure  2: Radon concentration for 𝑡 = 12  ℎ𝑟𝑠, ℎ = 0.001, 𝜏 = 432 

  6  Conclusion   

i)We have successfully developed Crank-Nikolson finite difference scheme for solving 
time-fractional order Radon diffusion equations.  

ii)A comprehensive analysis of the stability and convergence of the proposed scheme has 
been conducted.  

iii)Utilizing this method, numerical solutions for practical problems involving a water 
medium have been obtained, and these solutions have been presented through graphical 
simulations.  

iv)The effect of the time-fractional order, denoted by 𝛾, on radon concentration has been 
investigated, revealing a rapid decrease in concentration as 𝛾 increases.  
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