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Abstract

The present study offers a mathematical study of a new size biased distributions which has
been developed for a failure distribution. Different important properties of the new distribution
have been obtained which includes mgf, CV, skewness, kurtosis and the distribution of order
statistics.. The estimation of its parameter has been discussed using different methods.
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1.Introduction

The statistical analysis of any data strongly depends on the assumed probability distribution
from where the data are being taken. Because of this, the considerable efforts have been put in
the development of large number of new probability distributions so that the use of
approximation could be minimized. In many cases we are forced to use a certain distribution
while we know that the data are not exactly following that distribution but approximately
following that distribution. However, there are still many important problems where the actual
data does not follow any of the standard probability models.

Size-biased distributions are the special cases of the weighted distributions and arise in practice
when observations from a sample are recorded with probability proportional to some measure
of

unit size and provide a unifying approach for the problems where the observations fall in the
non-experimental, non-replicate and non-random categories.
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If the random variable X has the probability density function (pdf), f(x; 8) then the size-biased
distribution takes the following form,

_ x4 (x)

Mean

f(x;6)

for a = 1, and o = 2 we get the size-biased and area-biased distributions and is applicable for
area-biased sampling. In many statistical sampling situations care must be taken so that one
does not inadvertently sample from size-biased distribution in place of the one intended.
Fisher (1934) firstly introduced these distributions to model ascertainment biases which were
later formalized by Rao (1965) in a unifying theory. Size-biased observations occur in many
research areas and its fields of applications includes econometrics, environmental science,
medical science, sociology, psychology, ecology, geological sciences etc. The applications of
size-biased distribution theory has been used by many research scholars Patil and Ord (1977s)
studied the size-biased sampling and the related form-invariant weighted distribution. Much
research have been done relating to size-biased distributions and their applications in different
areas of knowledge by many researchers including Patil and Rao (1978), Gove (2003), Das and
Roy (2011), Ducey and Gove (2015), Bashir and Rasul, (2015) and Ayesha (2017), are some
among others [11 - 16]. The new failure model probability density function
f(x) = 6 *logb (1)

In this work, we introduced a new distribution called size biased New failure Model (SBZD),
where the density function is given:

x0*(logf)? ,x,0 >0

f&) = { 0 (o ,)otherwise @

The SBNFM is motivated by the following: the SBZ distribution use may be restricted
to the tail of a distribution, but it is easy to apply. The formulas of the mean, variance, mean
deviation, entropy and the quantile function are simple in form and may be used as quick
approximations in many cases.
The main advantage of using sized-based distributions appears when the sample is recorded
with unequal probabilities. Accordingly, the superiority of the SBNFM is illustrated to
ball bearings data. It is shown that the SBNFM is the most appropriate model for this data set
as
compared to others distributions. We believe that the SBNFM distribution is an alternative
distribution to lifetime data analysis.
The paper is organized as follows. In Section 2, we introduce the SBNFM, and give
immediate properties as the mode, cumulative, survival and hazard rate functions, plots of the
density and cumulative functions for some parameter values. Section 3 deals on the moments,
and extreme order statistics. In Section 4, we are interested in parameters estimation the
maximum likelihood estimation In this last section, Mean residual function, and Stress Strength
Parameter.. We finish the paper with a concluding remarks.
Statistical and Reliability Measures of Size Biased New Failure Model.(SBNFM) In this
section, we give the size biased New Failure model on and study its properties. Let X be random
variable with PDF and CDF :
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_ (x67*(logf)? ,x,0 >0
fe) = { 0 ,otherwise
And the CDF is
F(x) =1-67"[1+ xlogf] 3)

And the first derivative of

d _4 6~*(logf)* =0
() = —x0*(log0)? =

Therefore, the mode of SBZGD is given by

1
Mode(x) = {log#
0
2.1 Survival and hazard rate functions

The survival and failure rate (hazard rate) functions for a continuous distribution are defined
as:

the Survival Function is
S(x) = 07*[1 + xlogf] 4)

the Hazard rate function is

H(x) " 1+xlo (5)
2.2 Moments and related measures
The rth moment about the origin of the Size Baised New failure model can be obtained as

] 6

w.-=E(x") = f x" f(x)dx = f x" x07*(logh)?dx
0 0

Using integration by parts, we get finally a general expression for the rth factorial moment of

SBNFM as :

; _ (r+1)!
Hr = ogoy (6)

Substituting r=1, 2, 3 and 4 in ( ..), the first four moments can be obtained and then using the
relationship between moments about origin and moment about mean, the first four moment

about origin of SBNFM were obtained as:
]

ro__ — d — 2

ul—E(x)—foxf(x) e

o 6
H§=E(x2)=fox2f(x)dx=(log—9)2
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0 24
H'3=E(x3)=fox3f(x)dx=(log—9)3
, . ¢, 120
py = E(x )=fox f(x)dx:(log—e)‘*

2.3 Moment generating function
In this sub section we derived the moment generating function of SBNFM. We begin with the

well known definition of the moment generating function given by
MGF

)
M,(t) = Ee™ = J e™ f(x)dx

0

0
M, (t) :f e™ x0~*(logh)?dx
0
M (6) = (10g0)? o [y x™1 67 dx ™

Characteristics Function

6

¢, (t) = Ee't™* = f et f(x)dx

0

0
o, (1) =J e'™ x6~*(logh)?dx
0

9:(0) = (l0g0)* Lo [, x7+1 67 "dx ®)

2.40rder Statistics

We know that if X1y, X(2)X(3) -+ -+ -os ooe . Xy denotes the order statistics of a random sample

X1, X2X5 eoices vev e . X from a continuous population with cdf Fy(x) and pdf fyx(x) then the
pdf of rt* order
statistics is given by

frin(x) = [FCOI" 1 = FOI" " f (x)

n!
r—D!In—-r)!

The rt" order statistics for the SBNFM is obtained as;
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I (logh)? ~o n— ' | |
(r ill()!o(gn)— ! Z (n i r) (=11 + xlogh)THi~1xp—*(r+D)

i=0

frin(x) =

Therefore, the pdf of the 15¢ order statistics of SBNFM is is given by
fin(x) = n(logh)?(1 + xlogh)™ txe~*n+2) )
Therefore, the pdf of the n'* order statistics of SBNFM is given by
fn;n(x) = Tl(lOgB)Zx Z?=O(n;1) (_1)1'(1 + xloge)ig—x(Hl)
(10)

3.1Maximum Likelihood estimator

Maximum likelihood estimation has been the most widely used method for estimating the
parameters of the size biased of new failure model. Let distribution. Let
X1, X2, X3 wee ene ene ue e Xy D€ @ Tandom sample from the size biased New Failure Model, then
the corresponding likelihood function is given as

f(x) = x67*(logh)?

L= 1_[ x 07*(logh)?
i=0

n

L = (logh)?"e—2* 1_[ x

i=0
The log likelihood function is given as,

logL = 2nlog(logf) — Y.xlogf + Ylogx

RN

(11)

éZQMLE:e

3.2Fisher Information

f(x) = x67*(logh)?

n

L= nx 6~*(logh)?

i=0
n

L = (logh)?"e—2* 1_[ x

i=0
logL = 2nlog(logf) — Y.xlogf + Ylogx

d 2n Yx

9% %8k = 5log0 " 8
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621 L= 1+ logé
ox? %8l = 57 ~ (glogayz L T1089)

3.3 Mean residual life function

Assuming that X is a continuous random variable with survival function, the mean residual life
function is defined as the expected additional lifetime that a component has survived until
time t. The mean residual life function, say, u(t) is given by

1
t)=———| PX dx ,t >0
WO = s | P> 0 dx e
t
1 t
= — - —tt>
u(t) SO E(t) fxf(x)dx t,t =0
0
Where
E(t) = -
© = log 6
t
f Dy = 2 (29t 2t~ 207
xf () dx = log log8 logb
0
Finally
t2+2t+2
B = 1 iogd (12

3.4 Stress-strength parameter:

If X; and X, are two continuous and independent random variables, where X;~SBNFM (6;)
and X,~SBNFM(8,) then the stress strength parameter, say S, is defined as

s= [ A k@
using the pdf and cdf of APP distribution, stress strength parameter S, can be obtained as

+00
S =log QIJ x07%[1—67*(1 +logh,)]dx
0

Finallay
. Z (— log9 )"1+1 —log@z)kz{ 1 log 6, } 1
_k ! ky+k,+2 ki+ky,+3) (kg +1)!
=
(13)

Copyright © 2024 SCIENTIFIC CULTURE 282



MATHEMATICAL CHARACTERIZATION OF A NEW SIZE BIASED FAILURE DISTRIBUTION

References
[1] Fisher, R. A. (1934). The effects of methods of ascertainment upon the estimation of
frequencies. Ann. Eugenics, 6, 13-25.

[2] Rao, C. R. (1965). On discrete distributions arising out of ascertainment, In G. P. Patil
(Eds.),

Classical and contagious discrete distributions (pp. 320-332). Calcutta, Pergamon Press and
Statistical Publishing Society

[3] Patil, G. P. an d Rao, C. R. (1977). Weighted distrib ution survey of their application s, In
P.
R. Krish naiah , (E ds.), Applications of statistics (p p. 383-405). Amste rd am, North -Holland

[4] Patil, G. P. and Rao, C. R. (1978). Weighted distributions and size-biased sampling with
applications to wildlife populations and human families, Biometrics, 34, 179-189.

[5] Bashir, S. and Rasul, M. (2015). Some properties of the weighted Lindley distribution.
Inter-

national Journal of Economic and Business Review, 3 (8), 11-17

[6] Zeghdoudi, H. Messadia(2018) H. A Zeghdoudi A Zeghdoudi Distribution and its
Applications.International Journal of Computing Science and Mathematics, 9(1), 58-65.

[7] Ayesha A.(2017) Size biased Lindley distribution and its properties a special case of
weighted distribution. Appl. Math. 2017; 8(6): 808-819.

[8] Das KK,Roy TD.(2011) On some length biased weighted Weibull distribution. AdvApplSci
Res. 2011;2(5): 465-475.

[9] Ducey MJ, Gove JH. (2015):Size-biased distributions in the generalized beta distribution
family with
applications to forestry.Int. J. Forest Res. 2015; 88: 143-151.

[10] Gove HJ. (2003):Estimation and application of size-biased distributions in forestry. In:
Amaro A,Reed D, Soares P, editers. Modeling forest systems. Wallingford: CAB International;
2003.p.201-212.

[11] Shanker, R. (2017). Size-biased Poisson-Akash distribution and its applications.
International Journal of Statistics and Applications, 7(6), 289-297. [12] Zeghdoudi H, Nedjar
S. On gamma Lindley distribution: properties and simulations. J. Comp.Appl. Math. 2016; 298:
167-174.

Copyright © 2024 SCIENTIFIC CULTURE 283



